Abstract. We establish new classes of Ratliff-Rush closed ideals and some pathological behavior of the Ratliff-Rush closure. In particular, Ratliff-Rush closure does not behave well under passage modulo superficial elements, taking powers of ideals, associated primes, leading term ideals, and the minimal number of generators. In contrast, the reduction number of the Ratliff-Rush filtration behaves better: it preserves some information on the reduction number of the ideal.
Let I be an ideal in a Noetherian ring R. From the maximal condition it follows that there exist ideals I in R maximal with respect to the condition
n for all large n.
Ratliff and Rush proved in [RR, Theorem 2.1] , that if I is a regular ideal (i.e., it contains a nonzerodivisor), then there exists a unique largest such I, which can be presented in terms of I as follows:
When I is not regular, this fails. For example, let F be a field, X an indeterminate over F , and R = F [X]/(X 2 ). Then the ideal I = XR is not regular, the (unique) largest ideal I for which I n = I n for all large n is I = XR, but n≥1 (I n : I n−1 ) = R. In the sequel we always assume that I contains a non-zerodivisor.
The ideal I is called the Ratliff-Rush ideal associated with I (see [HJLS] ) or the Ratliff-Rush closure of I. A regular ideal I for which I = I is called Ratliff-Rush closed. In this paper we analyze various properties that Ratliff-Rush closures of ideals do or do not satisfy. First of all, clearly I = I. Also, if a is a non-zerodivisor such that for an ideal I, I : a = I, the different sections we review some of the known properties, and examine the behavior of the Ratliff-Rush closure with respect to some other properties. Section 1 examines the behavior of the Ratliff-Rush closure on powers of a fixed ideal. We present many examples illustrating exceptional behavior. We also establish new classes of ideals for which all the powers are Ratliff-Rush closed. In Section 2 we show that the Ratliff-Rush closure has no natural corresponding notion of "superficial elements", so that in general one cannot drop dimension in arguments using the Ratliff-Rush closure. In Section 3 we show that Ratliff-Rush closure also does not behave well with respect to
Gröbner bases, leading term ideals, taking the sets of associated primes, and the minimal number of generators. This answers a questions of Heinzer et al. from [HJLS] . Section 4 shows some positive results for the Ratliff-Rush filtration, namely that the Ratliff-Rush reduction number behaves well.
It is easy to see that I ⊆ I and that an element of (I n : I n−1 ) is integral over I. Hence for all regular ideals I,
Thus there exist many ideals which are Ratliff-Rush ideals, for example, all radical and all integrally closed regular ideals.
The main thrust of our analysis is the comparison of the behaviors of the Ratliff-Rush and indirectly: we establish that the associated graded ring of the ideal has positive depth, in which case all the powers of the ideal are Ratliff-Rush closed by [RR, (2.3.1) ], or we prove that the ideal is integrally closed. But here is an ideal which is Ratliff-Rush closed but not integrally closed: let
is not integrally closed as XY 3 is integral over I but not in I. However, I is Ratliff-Rush closed.
Namely, by degree count every element of the Ratliff-Rush closure has to have total degree at least 4. As (X, Y ) 5 ⊆ I, it suffices to verify that XY 3 is not in the Ratliff-Rush closure of I. But
n is not an element of I n+1 for any positive integer n, which proves the claim.
On the other hand, the Ratliff-Rush closure of (
These two examples show that the Ratliff-Rush closure of monomial ideals need not exhibit the integral closure's property of the convexity of the corresponding Newton polytopes.
Ratliff-Rush closure and powers of an ideal
In this section we prove several properties of the Ratliff-Rush closures of powers of ideals. For example, all the high powers are Ratliff-Rush closed, but many pathologies occur for low powers.
We present examples of these pathologies. The last half of the section is about ideals all of whose powers are Ratliff-Rush closed.
Ratliff and Rush proved that for a regular ideal I, for all large n, ( I) n = I n . In particular when I is a zero-dimensional ideal, I is the largest ideal which has the same Hilbert polynomial as I. Furthermore, high powers of an arbitrary regular ideal are Ratliff-Rush closed:
Remark 1.1: Let I be a regular ideal. Then for all large n, I n = I n . (See [RR] .)
A somewhat simpler computation of the Ratliff-Rush closures is achieved as follows:
(See [RR] .) This all shows that the Ratliff-Rush closures of high powers of ideals behave well. In particular, for all (regular) ideals, sufficiently large powers are Ratliff-Rush closed. (If we admit non-regular ideals, any non-radical nilpotent ideal is a counterexample of this property.) However, the RatliffRush closures of powers of (regular) ideals do exhibit some pathologies. We show examples below of these pathologies, namely of Ratliff-Rush closed ideals whose powers are not Ratliff-Rush closed, and of ideals which are not Ratliff-Rush closed but whose powers are. In the last half of this section we analyze some classes of ideals all of whose powers are Ratliff-Rush closed. 
, where F is a field and X, Z and U indeterminates over F . As X is a non-zerodivisor in R, I is a regular ideal. In this case I is Ratliff-Rush closed but I 2 is not. In fact, I is a prime ideal and so Ratliff-Rush closed, but I 3 : I contains Z which is not in I 2 , and hence I 2 = I 2 . (Wang's original example was
There are even monomial Ratliff-Rush closed ideals in polynomial rings whose second powers are not Ratliff-Rush closed:
Example 1.4: Let I be the ideal in the polynomial ring F [X, Y ] over a field F generated by
We will prove that this ideal is Ratliff-Rush closed, but that I 2 is not. Namely, it is straightforward to verify that X 20 Y 24 is not in I 2 but multiplies I into I 3 .
It remains to prove that I is Ratliff-Rush closed. It suffices to prove that every monomial in I is in I. As I is primary to the maximal ideal (X, Y ), it suffices to prove that every monomial in The X-exponents force n = 0, which is impossible. Similarly, X 7 Y 14 is not in I for otherwise
n+1−a for some non-negative integers a and n with a ≤ n + 1.
By the X-degree count n = 0, which is impossible. Finally, X 10 Y 13 is not in I as otherwise
n+1 for some n. By the X-degree count, n ≤ 1, and both cases are impossible. This establishes that I is Ratliff-Rush closed.
This last example also illustrates how difficult it is to prove that an ideal is Ratliff-Rush closed.
Note also that in the example, I is not integrally closed. Examples 1.5: Let n ≥ 3 be an odd integer and
). We will prove that (I n ) n is not Ratliff-Rush closed. In fact, we will prove that (XY ) (3n−1)n/2 is in
To prove the inclusion it suffices to prove (by Remark 1.2 and symmetry) that (XY ) (3n−1)n/2 (X 3n−1 ) 2m−1 ∈ (I n ) n+2m−1 for some positive integer m. Let m be such that
However, (XY ) (3n−1)n/2 is not in (I n ) n . Otherwise there would exist non-negative integers a, b, c
The substitution n = 2m + 1 yields the following equation for the X-exponents: 
Here all the powers I n , for n ≥ 2, are also integrally closed.
Finally we consider examples of ideals I all of whose powers are Ratliff-Rush closed. Let gr I (R) = ⊕ n≥0 I n /I n+1 denote the associated graded ring of I. As was already proved in [RR, (2.3 More generally, in terms of the local cohomology of G = gr I (R) with respect to
Thus I n+1 is Ratliff-Rush closed if and only if
is Ratliff-Rush closed if and only if there is no nonzero element in G of degree zero which annihilates a power of G + .
Thus the properties of the Ratliff-Rush closure of an ideal are a good tool for getting the information on the depth of G (see [S] , [HM] , [GR] , [RV1] ,...), and conversely, when the depth of G is positive, we get information that all the powers of I are Ratliff-Rush closed.
What are some ideals all of whose powers are Ratliff-Rush closed? For example, this holds if I is an ideal generated by a regular sequence in a Cohen-Macaulay ring.
Thus parameter ideals in Cohen-Macaulay rings are all Ratliff-Rush closed. The Cohen-
Macaulay assumption is necessary for this:
2 )R is a parameter ideal (primary for the maximal ideal of R of height two), and Macaulay local domain which is an almost complete intersection ideal, it is not necessarily RatliffRush closed, but it is minimal in its class, i.e., for any ideal J properly contained in I, J = I.
Here is an example of an almost complete intersection ideal in a polynomial ring which is not Ratliff-Rush closed:
I is a zero-dimensional 3-generated ideal, so an almost complete intersection ideal. Note that
However, zero-dimensional almost complete intersection monomial ideals do satisfy the property that all of their powers are Ratliff-Rush closed: Proof:
, where for each i, α i > ν i . Furthermore, at least two of the ν i are non-zero. Suppose that G has depth zero. Then there exists an
We will prove that whenever
where the e j and e are non-negative integers adding to n + 2, e i = 0, and X β is a possibly unit monomial. If e = 0, then
, contradicting the hypotheses. So necessarily e > 0.
Then from the equation
e , necessarily for all j = i, µ j ≥ ν j .
As this holds for all i, µ ≥ ν componentwise. In particular, for all i, X µ−ν X
, which proves the claim.
But this brings forth a contradiction: by repeating this process, X µ is a product of n + 1 copies of X ν times an element in I :
This proposition cannot be extended to zero-dimensional monomial ideals generated by 2 more elements than the dimension of the polynomial ring:
is not Ratliff-Rush closed as as X 7 Y 3 ∈ I 2 : I and X 7 Y 3 ∈ I.
The previous proposition, together with Proposition 1.9, shows in particular that the associ- Proof: Let G be the associated graded ring of I. The image of X l in G is a non-zero divisor as for all n ≥ 1,
If n + 1 ≤ l, then the last ideal in the display is I n as (l − 1)(n + 1) ≥ ln. If instead n + 1 ≥ l, then again the last ideal in the display is
Thus the depth of G is at least 1, with X l being a non-zero divisor. However,
so that the non-zero image of
Thus the depth of G is exactly 1.
Another class of ideals whose associated graded ring has depth exactly 1 is: 
Proof: Note that for all
Hence if X l 1 is a non-zero divisor on the associated graded ring G, then G has depth exactly 1. So it remains to prove that X 2 , so that m ∈ I n+1 , contradicting the assumption.
Ratliff-Rush closure and superficial elements
In the study of the integral closure of ideals (and of integral closures of powers of an ideal), the notion of superficial elements is very important. It enables one to drop dimension, for example.
In this section we review the elementary properties of superficial elements, and show that in general there is no good notion of superficial elements for the Ratliff-Rush closure. At the end we look at special cases where Ratliff-Rush closure behaves well after reducing modulo a superficial (sufficiently general) element.
Recall the definition: an element a of an ideal I is said to be superficial for I if there exists a positive integer c such that for all n ≥ c, (I n : a) ∩ I c = I n−1 .
In particular, if a is a non-zero divisor in R, a ∈ I is superficial for I if and only if there exists a positive integer c such that for all n ≥ c, I n : a = I n−1 . Notice that if a is superficial for a regular ideal I, then a ∈ I, but a ∈ I 2 .
Integral closure generally behaves well after going modulo a superficial element. For example:
Proposition 2.1: (Itoh [I, page 648]) If I is an integrally closed m−primary ideal in a CohenMacaulay local ring (R, m) of dimension d ≥ 2, then at least after passing to a faithfully flat extension there exists a superficial element a ∈ I such that IR/(a) is integrally closed in R/(a).
In particular it follows that if I is an integrally closed m−primary ideal of a Cohen-Macaulay local ring (R, m) of dimension d ≥ 2, then I = I and there exists a superficial element a ∈ I such that IR/(a) is Ratliff-Rush closed in R/(a).
However, superficial elements do not behave well for Ratliff-Rush closed ideals: there exist many ideals R all of whose powers are Ratliff-Rush closed, yet for every superficial element a ∈ I, I/(a) is not Ratliff-Rush closed.
Before we give examples of this, we prove a weaker version:
Proposition 2.2: There exist many ideals R for which all the powers are Ratliff-Rush closed, yet for every superficial element a ∈ I there exists a positive integer n such that (I/(a)) n is not
Ratliff-Rush closed in the ring R/(a).
Proof: Let I be any ideal for which the associated graded ring G has depth exactly 1. By the result of Huckaba and Marley [HM] , every superficial element a of I is a non-zero divisor in G.
But G modulo the image of a is the associated graded ring for the ideal I/(a) in the ring R/(a), and that has depth 0. Thus by Remark 1.6 some power of I/(a) is not Ratliff-Rush closed.
Such examples were provided in Propositions 1.11 and 1.12. But we prove the stronger result for these two classes of examples: it is actually I/(a) itself which is not Ratliff-Rush closed for all possible a. First we prove this for examples from Proposition 1.11: Proof: Let a = αX l + βXY l−1 + γY l , with α, β, γ ∈ R and not all zero.
First note that Y l is not a superficial element as for every n ≥ 1,
. Also, XY l−1 is not a superficial element as
Suppose that α = 0. We just proved that then both β and γ are non-zero.
Thus a is not a superficial element and so necessarily α = 0. By localization at the maximal ideal (X, Y ) we can even conclude
and so
, which proves that
is not Ratliff-Rush closed.
Similarly, for examples from Proposition 1.12, I/(a) itself is not Ratliff-Rush closed: Proof: We denote by J the subideal of I generated by all the monomials of degree l except for the monomials X l−1 1 X 2 and X l 1 and we denote by K the subideal of I generated by (X l+1 1 , X l 1 X 2 ). If a ∈ I we may write a = αX
Thus if a is a superficial element for I, as by [HM] its image is a non-zerodivisor in gr I (R), necessarily α is a non-zero element of F .
For every superficial element a ∈ I, we prove now that I 2 + (a) : I = I and hence that I/(a)
is not Ratliff-Rush closed. In fact X l−1
Note that the same proof as in Proposition 2.2 shows:
Remark 2.5: Whenever I is an ideal whose associated graded ring has depth at least 2, then for every superficial element a ∈ I and every positive integer n, I n and I n R/(a) are Ratliff-Rush closed.
Some examples of ideals with this property are the ideals I in a Cohen-Macaulay ring generated by a regular sequence of length d ≥ 2. (Note that these ideals need not be integrally closed.)
This class of examples cannot be extended to almost complete intersections as was already shown in Example 1.8. It also cannot be extended to generic complete intersection ideals:
Example 2.6:
complete intersection which is not Ratliff-Rush closed as X 3 Y 2 ∈ (I 2 : I) \ I.
Initial ideals, associated primes and the number of generators
In this section we concentrate on results showing that the Ratliff-Rush closure does not behave well with respect to several properties, namely with respect to taking the initial ideals, taking the associated primes, and the number of generators.
First we analyze the Ratliff-Rush closure operation on Borel-fixed and initial ideals. We show that Borel-fixed ideals, even generic initial ideals, need not be Ratliff-Rush closed, and that RatliffRush closure does not commute with taking the leading term ideal. Furthermore, the leading term ideal of a Ratliff-Rush closed ideal need not be Ratliff-Rush closed.
We also compare the sets of associated primes and the number of generators of an ideal and of its Ratliff-Rush closure. We show that there are no inclusion relations for the associated primes, and similarly that the number of generators of the Ratliff-Rush closure of an ideal may be larger than the number of generators of the ideal. We explore other connections between the associated primes of I and of various powers of I. A modification of some corresponding arguments produces an answer to Question (1.6) in [HJLS] : the minimal number of generators of I need not be smaller than the minimal number of generators of I.
The definition of Borel-fixed ideals can be found for example in [E, page 352] .
Borel-fixed zero-dimensional ideals need not be Ratliff-Rush closed. For example, the ideal
under the order Y > X. However, I is not Ratliff-Rush closed as X 4 Y 9 ∈ I 2 : I and
Note that I is even a generic initial ideal, yet it is not Ratliff-Rush closed.
Furthermore, there are many Borel-fixed zero-dimensional ideals (even lex-segment ideals) which are Ratliff-Rush closed but are not integrally closed. For example, in the polynomial ring
is zero-dimensional and lex-segment under the order Y > X, but I is not integrally closed because
One can calculate that gr I (R) has depth exactly one so that by Proposition 2.2, for every superficial element a in I, IR/(a) has some power which is not Ratliff-Rush closed.
We remark that for the Borel-fixed ideal
, the associated graded ring is Cohen-Macaulay of dimension 2 but I is not integrally closed. Here I and I/(a) are Ratliff-Rush closed for every superficial element a ∈ I.
Next we consider the behavior of the Ratliff-Rush closure under the operation of taking the initial ideal. We fix a polynomial ring and a monomial ordering. The monomial ideal generated by all the leading terms of an ideal I is denoted lt I (in the literature sometimes also in I). Certainly lt I ⊆ lt I. However, we will show that lt I is not contained in lt I, and also that the other inclusion fails.
Example 3.1: Here is an ideal I such that lt I is Ratliff-Rush closed, I is not Ratliff-Rush closed, and lt I lt I.
In Example 1.8 we showed that X 3 Y 4 ∈ I. Under the (reverse) lexicographic ordering, lt I =
It is easy to see that lt I is not Borel-fixed, but is Ratliff-Rush closed. In fact, a computation by Macaulay2 shows that the associated graded ring of lt I has positive depth, so that lt I = lt I. Then
Example 3.2: Here is an ideal I such that I is Ratliff-Rush closed but lt I is not, and furthermore that lt I lt I.
. We verified by Macaulay2
and Singular that the associated graded ring of I has positive depth, so that I (and all of its powers) are Ratliff-Rush closed. It is easy to see that lt
, and that
This example also shows that the leading term ideal of a Ratliff-Rush closed ideal need not be Ratliff-Rush closed.
Next we switch our attention to the sets of associated primes. From the definition of the Ratliff-Rush closure of an ideal I it is clear that every associated prime ideal of I is also associated to all high powers of I. However, there are no inclusions in general, as the examples below show.
Example 3.3: Ass R/ I need not be contained in Ass R/I, even when R/I is Cohen-Macaulay.
In [J] , Jarrah found a class of Cohen-Macaulay ideals I for which Ass R/I is not contained in Ass R/I. The following I is a modification of Jarrah's examples: let R be the polynomial ring F [X, Y, Z], and let n ≥ 2 be a positive integer. Set J to be the ideal generated by all
. Thus the set of associated primes of I is
Clearly R/I is Cohen-Macaulay. Explicitly the generators of I are
By degree count, X n Y n is not in the Ratliff-Rush closure of I.
This all proves that I : X n Y n = (X, Y, Z), so that the maximal ideal (X, Y, Z) is associated to I but not to I.
(The key to this example is that I localized at some minimial prime is not Ratliff-Rush closed, and that the other minimal components do not "interfere" with that.)
The Ratliff-Rush reduction number
Let I be a regular ideal of a local ring (R, m) and let J be a minimal reduction of I. We denote by r J (I) := min{n :
the reduction number of I with respect to J . If I has a principal reduction, that is there exists x ∈ I such that I n+1 = xI n for some integer n, then r J (I) does not depend on J (see [Hc] , page 504). If this is the case we write r(I) instead of r J (I) . Notice that if xR is a principal reduction of a regular ideal I, then x is a regular element of R. It is known that r(I) ≤ f 0 − 1, where f 0 denotes the multiplicity of the fiber cone F (I) = ⊕ n≥0 I n /mI n (see [DGH] , Corollary 5.3). If I has a principal reduction, F (I) is a one-dimensional graded ring which is not necessarily Cohen-Macaulay even in the case G = gr I (R) is Cohen-Macaulay.
The notion of minimal reduction can be also given for filtrations and the extension is clear in the case of the Ratliff-Rush filtration. Since I n = I n for large n, a minimal reduction J of I is a minimal reduction with respect to the Ratliff-Rush filtration.
We denote by r J (I) := min{n : I m+1 = J I m f or m ≥ n} and we call it the Ratliff-Rush reduction number of I with respect to J . It is not clear whether I n+1 = J I n for some integer n implies that I m+1 = J I m for every m ≥ n. We remark in fact that I I n is not necessarily I n+1 . However for a regular ideal having principal reduction, the RatliffRush reduction number coincides with the least integer n such that I n+1 = x I n where (x) is a reduction of I, which is the same behaviour that the I−adic filtration has. In fact if I n+1 = x I n for some integer n, then
Because x I m ⊆ I m+1 , the equality holds.
the associated graded ring to the Ratliff-Rush filtration of I. It has a natural structure of graded algebra which has positive depth, but it is not a standard algebra because we do not necessarily have
The following result shows that, for a regular ideal having principal reduction, the Ratliff-Rush reduction number coincides with the least integer t such that G t ≃ G t+1 . In particular this implies that if I has a principal reduction, r J (I) again does not depend on J and we write r(I) instead of r J (I).
The proof is inspired by Theorem 2.1. in [RV2] . We remark that the main tool used in the case of an m−primary ideal of a one-dimensional local ring was the information given by the Hilbert function of G and G, the problem here is more complicated because we have to replace this information with different numerical invariants.
Proposition 4.1: Let I be a regular ideal of (R, m) having principal reduction and let t ≥ 0. The following conditions are equivalent:
d) I n+1 = x I n for some superficial element x ∈ I and for every n ≥ t.
e) I t+1 = x I t for some superficial element x ∈ I.
Proof: Since we have I n+1 : x = I n for every n ≥ 0 and x superficial element, the multiplication by x gives an injective map
whose cokernel is K n := G n+1 /x G n = I n+1 /(x I n + I n+2 ).
It is clear now that a) implies b). Let us prove that b) implies c). If n ≥ s, then I n = I n and I n+1 = x n+1−s I s . Since x is regular in R, we get G s = I s /xI s ≃ G n = for every n ≥ s.
Hence we may assume t ≤ n < s and we prove G s ≃ G n . By assumption I I t ⊆ x I t + I t+2
and we claim that I s = x s−t I t . We have The claim follows again by Nakayama.
In particular for every t ≤ n < s, I s = x s−n I n and I s+1 = x s−n I n+1 , which imply c).
In fact I s = x s−t I t ⊆ x s−t−1 I t+1 ⊆ . . . x s−n−1 I n+1 ⊆ I s = I s . The second equality follows by using I s+1 = xI s .
Let us finally prove that c) implies d). We may assume n < s. If we prove that for every t ≤ n < s we have I n+1 ⊆ x I n + m I n+1 , then the conclusion follows by Nakayama.
Let m be an integer such that t ≤ m < s. By assumption we get K m = 0, so it follows
We also have K n = 0 for n > m, hence we get I m+2 ⊆ x I m + I m+3 ⊆ . . . . . . x I m + I s+1 and we recall that I s+1 = x I s ⊆ x I m+1 ⊆ m I m+1 . Now d) implies e) is trivial and from e) we get a) because K t = 0.
A goal of this section is now to investigate the mutual relations among r(I) and r (I) .
We give here a complete description in the case of a regular ideal having principal reduction. We extend some results already known in the case when I is an m−primary ideal of a 
